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Abstract. Following Flaschka and Newell we have formulated the inverse problem for
Painlevé IV, with the help of similarity variables. The Painlevé IV arises as the eliminant
of the two second-order ordinary differential equations originating from the non-linear
Schrodinger equation. We have obtained the asymptotic expansions near the singularities
at 0 and o of the complex eigenvalue plane. The corresponding analysis then displays
Stokes phenomena. The monodromy matrices connecting the solution Y in the sector S;
to that in S, are fixed in structure by the imposition of certain conditions. We then show
that a deformation keeping the monodromy data fixed leads to the non-linear Schrodinger
equation. At this point we may mention that, while Flaschka and Newell did not make
any absolute determination of the Stokes parameter, our appraoch yields the values of the
Stokes parameter in an explicit way, which in turn can determine the matrix connecting
the solutions near 0 and oc. Such a realisation was not possible in the approach of Flaschka
and Newell. Lastly we show that the integral equation originating from the analyticity and
asymptotic nature leads to the similarity solution previously determined by Boiti and
Pempinelli.

1. Introduction

Recently two important but parallel theories have been developed for the complete
analysis of the non-linear partial differential equation. One is the method of inverse
scattering transforms [1] and the other is that of monodromy deformation [2]. Though
several authors have enriched the subject of isT, the contributions to the field of
monodromy deformation (MD) are relatively few. The only exhaustive approach is
that of the Kyoto school, mainly led by Ueno and Date [3] and Jimbo and Miwa [4].
Another approach is that of Flaschka and Newell [5]. While the method of the Japanese
school is relativity abstract, being based on infinite-dimensional Lie algebras, that of
Flaschka and Newell (FN) is more concrete and oriented to special non-linear equations,
through its connection to the special class of the Painlevé equation. One of the best
points of the FN approach is that it exhibits very clearly how the asymptotic expansion
can be used in conjunction with analyticity arguments to analyse Stokes phenomena,
and hence the monodromy deformation problem. But here we can indicate a point of
departure from the treatment of FN. In the paper of FN, the absolute determination
of Stokes parameters was not possible, but here we show that, by recourse to a classical
analysis of Sibuya [6], it is possible to find the explicit values of the Stokes constants.
These values can then be utilised in the equations determining the matrix connecting
the solution vector near 0 and o for their determination (see equation (31) in §4). In
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this connection it can be noted that almost all the integrable non-linear equations
reduce to some Painlevé transcendents through the similarity variables. On the other
hand, the non-linear Schrdodinger equation reduces to a pair of coupled ordinary
equations equivalent to the Painlevé IV as shown by Boiti and Pempinelli [7]. In this
paper we want to apply the methodology of FN, slightly amended by incorporating
the theory of Sibuya, to the case of Painlevé IV. At this point we may mention that,
though the works of [3, 4] encompass all the Painlevé equations, the formalistic nature
of their approach is quite difficult to appreciate in terms of the results of any particular
equation. On the other hand, our approach is of a pedagogical nature and clearly
indicates the ways and means of circumventing the difficulties encountered in a analysis
of the monodromy deformation problem.

2. Formulation

The non-linear Schrddinger equation under consideration is
ig, — g = £2¢°g*. (1)
The akNs inverse problem pertaining to equation (1) is
Uy = —~i€'v, + qu,
Vo = 1€ 0+ 1o,y
along with
vy, = Av, + Bo,
v, = Cv, + Du, 3)

where A, B, C, D are well known functions of g, r and ¢ and for NLSE we assume
g =r*. The similarity variable which can be found either by a Lie point symmetry
analysis or by a scaling argument is given as

z=xt7"? g(x, 1)=1"¢p(x/1"?).
We then convert equation (1) to the ordinary non-linear coupled system of differential
equations
d iz
—— | d+— | = £2¢7¢*
iz (q‘)_ > ¢>) o°d
(4)

The main trick of FN is to convert the Lax pair, (2) and (3), to such variables, for
which we set

1
v
v=<02> v=o(xt""? ¢1'?)

=v(z §)
so that we have
vi=—i¢gn'+ pv’

vi=igv’+ ¢*o! (5)
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C .
vé= <4if+21d;¢ —iZ)vl+( —-4¢ —%@4'%)02

o * e
v§=< _4¢*+2]%+%>v‘( —4i§—21d;¢ +iz) o7

In matrix form we can set

Ug=[Ao§+A1+(1/§)A2]U (7

B _<4i 0 )
°“\o -4
A1=( —iz —‘4(15)
—40* iz
o et —(¢z+%iz¢))
Az_Zl((cbif—%iZcb*) —dd* /)

Equations (5) and (7) will form the basis of the asymptotic expansion that we are
going to perform in the next section.

where

3. Asymptotic expansion

For the construction of the asymptotic expansion, we set, following Wasow [8],
v=exp(ao§2+alf)§“;Ck§_K (8)
so that
v = [2a0f +a,+(u —k/€)]E" exp(aot™+a,) Y Cut ™~
Then from equation (7) we obtain
[2a0¢+a,+(u —k/€)] explact™ +ai€)¢* Y Cug™™
=(Af+ A+ Ar¢ ) explaog’+a )¢ L Cig ™~ 9

Equating different powers of £ in (9) we construct equations for C,, which can be
solved to yield the two independent sets of solutions

5l §)~exp<2i§2—iz§>[(é)+§“<¢¢Z Ol )+] (10)
0.2, z §)=exp(—2i§2+iz§)[(0>+§“< 3¢ )+ } 1)
e 1 o*¢. — pd¥+iizeg*) ]

At this point it is interesting to note an identity which will be useful later. From
equation (4) we note

¢¢Z"—d>*¢:—%2¢<b*=%ij¢¢* dz+C. (12)
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To obtain the asymptotic expansion near £=0, we put £=1/7 and let > in
equation (7). Then (7) is transformed to

V,=—(An '+ A+ Am ) V. (13)
We then set
V=n*Y Cn ©
so that we obtain
(k—k/mn* L Cn ™  ==(An '+ A+ Agn )" X Cen ™™
Then the degeneracy condition for C, leads to the following equation for u:
det[A,+ Iu]=0 (14)
from which we can obtain
p’=A[(¢. +1izg)(¢F —1ize*) — (66*)°] = 2k. (15)
However, note that
du’/dz=0 if and only if ¢¢* = constant. (16a)

So the set of solutions near £=0 is

50(1,z,g):eu(z,g_sz(i@+%iz¢)/<i¢¢*+k))+_»:;"_(x2)+__.] (16b)
1 1-4k \y,

where

<x2> } <i<¢z+%iz¢>/<i¢¢*~k>)z

Y2 1
2t : e $
z=—2i(¢f—%iz¢*)(4¢—%;€z—f)—(21¢¢*+2k—l)<1z—41¢*i—¢;%> (17)
and
D ~ a¥™(2) g2k 1 ) ]
P2,z 8)=e" e [(i(¢z+%iz¢)/(i¢¢>*—k) T (18)

where u(z) is the normalising factor for the solution near ¢ =0 given as

u=J¢dz u*=J¢*dz.

In the above expressions the factors occurring can be simplified if we use equation
(15), but we have preferred to keep the general structure. At this point we mention
some important features of equations (5) and (6).

(a) If v(1, & z) is a solution then Mv*(1, ¢¥*, z) is also a solution.

(b) If Mo*(2, £*z) is a solution then §(2, & z) is another solution, where M = (%}
and v(n,£, z) denotes the solution vector (v, v,) with n=1, 2 indicating the first and
second type of solution.
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4. Regions of growth and decay

The next step in our analysis is the segregation of zones in the complex £ plane, where
the solutions defined in the above section show definite patterns of dominancy or

subdominancy. From expressions (10) and (11) we can make some important
inferences, shown in table 1.

In figure 1 we have depicted this division of the complex eigenvalue plane into
several sectors. Let us recall that the lines in the ¢ plane originating from the origin
on which the solution is maximally dominant or recessive are called Stokes lines. In

our above situation arg £ =i, 2, 37, 37 are Stokes lines and the sectors are defined
as

Si=¢11¢é1>p for some p
with
Wj-Dr=<argé<ijm  j=1,2,....
The anti-Stokes lines are

arg £ =0, %m, 7, 3m 2

Table 1.
O<argé<in v! large v? small
insargé<nw v! small v? large
r<arg £<im v! large v? small
Ir<arg é<2m ¢! small v? large
2r<arg £<2m+ 8 o' large v? small
n/2
In/k
/b
n 0
Trlb
Sm/4
3n/2

Figure 1. Division of the compex eigenvalue plane into different sectors. Stokes lines
(wavy lines) are given by arg £ =1m, 37 iz and Jm; anti-Stokes lines (straight lines) are
given by arg £=0, im, =, 3im 27
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In the above and also in the whole of the following discussion we have followed
the notation detailed below.

v{"(k, & z) denotes a solution of the linear equations (2) and (3), where i denotes
the first or second component as above, j denotes the sector and k denotes the type
of solution. In general we have two types of solutions for our 2 X2 matrix system.

The next important stage is to write down the basic form of the matrix or matrices
connecting the solution vectors in several sectors. For this it is important to observe
that a solution which was dominating in one sector may become subdominant when
its leading terms are cancelled by the contribution from the other component in the
other sector. This fact means that the connection matrices are all triangular. Explicitly

we have
1 0
Uz=01 a 1
(o 1
U =
3=V 0 1
1 0
va= U3 c 1
1
Vs = U4 01 but vs=v,.

Now utilising the symmetry properties noted after equation (18) and by recourse
to (19) we obtain

(19)

2)
v = v{" + av|

vy =0i" + cof” (20)
and so

c=a d=b
Also, for m=arg £ <inw

v =k +(1+ab)vi®. (21)
Forim=argé<2n

ae=ne () ) (22)

from which it follows that
vl = v "1+ be)+(a+c+abe)vi?
vy = b\ +(1+ab)v?.
Now crossing this zone we come back to the first sector again. Hence

vs' = v =(1+be)oi"'+ (a+c+abe)v?

2 1 2
o8 =dvy + 0y

=v{"[d(1+bc)+d]+[1+ab+d(a+c+abc)]v'?. (23)

1
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These relations will be of much use when we connect the solution near the origin to
that at infinity.

Now from equations (16b) and (18) we observe that

5(1, ¢ 2)=0v(1,¢§ z)—jiv(2, £ z) In & (24)
where
* 4 L ) } —
j= [2(¢>; —%iz¢*)<4¢ —z—i;d)*ff) —i(2igp* +2k — 1)<iz—41¢* “;¢*2f‘£)] e v,

The logarithm will disappear if j =0, k = with the help of sector relations which we
obtain from (24):

Mi(1,¢e77,2) =™, 5(1, & 2) —m e T, 6(2, £, 2)
Mo(2, & e, 2)=e 7™, 5(2, &, 2).

So if in the sector 0<arg £ <27 the solution is 7 then d(¢£e’™, z)=v(£ 2)J is a
fundamental solution in (2, 47) where

—dimk
e 0
J= ; B 26
(27Tj e411rk e4‘mk) ( )
It is interesting to note that det J =1 for all K. We now seek the matrix connecting
Vg tO 0 as

(25)

V= UoA

)

Now det v, =1 and

with

—2ik(¢pz+1ize)
(ipp™*+k)(ipp™ - k)

det v,=

so that
det 4 189" TR i60* ~ k)
—2ik(¢, +1ize)

Then (a, b, ¢, d, a, B, v, §, det v. =1 and the coefficients of the asymptotic expansions)
form the monodromy data for our system.

4.1. Properties of matrix A
Now it follows from equation (27) that
vo(€ ¥ = vo(¢ ¥ A

=1o(£)JA (28)
and in the last sector

(1 O\/1 B\(1 O\(/1 b _
es(ge )'(a 1)(0 1><a 1><0 1)”‘(“2)
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(:1 ?)(3) f)(i ?)((1) ?)Z*‘””A (29)

i

leading to

We now set £=£e '™ in the solution v., apply M =(! }) using relations (20)-(23)
and obtain the important and fundamental relations

Mv(]!___(aﬁ ezﬁil\+aﬁﬂ_j e'Z“Tik_B‘ye”:ﬂi‘\)vll'
+[_2a‘y%(el‘,rik _eflwik)_alﬂ_j e*lﬂik]vlll

MU(2I — [2#}6%(62#“\ _eflﬂik+BZ7Tj e"Zﬂik]vtli

+(=Bye™ —aBmje T+ 8a e T 0! (30)
from which we deduce

l=ade’ ™ +afmje ™ - Bye "

a=-2aysin(27k)— mja e 7"

b=sin(2mk)+ mjp e "™

l+ab=—-Bye ™  —afmje " +ade T (31)

Until now we have been following the methodology laid down in reference [5]. But,
as can be seen clearly, this approach, though it helps us to obtain the properties of
the monodromy data, does not allow us to determine the Stokes matrices absolutely.
In the next section we show that, by using the method in a paper by Sibuya [6], we
can explicitly determine the Stokes matrices which in turn can lead to a complete

determination of (e, B, v, 8), the matrix connecting the solutions near zero to that at
infinity.

5. Sibuya’s approach to Stokes parameters

In reference [6] Sibuya treats the equation
d*v
d¢

(" +ta ¢ +.. . +a, E+a,)v=0 (32)

under the following assumptions.
(i) The differential equation (32) has a unique solution:

v=y,(éa,...,4a,).

(ii) v is an entire function of the parameters (£, a,,4a,,...,4a,).
(ii1)) v admits an asymptotic representation:

v~ §”‘<1 + ¥ B“.,,g”‘”) exp[ —iE,(& )]
n=1
as ¢ tends to infinity in the different sectors, where E, (¢, t) are represented as
2 2172 #! 2 3
E(&)~—— "+ ¥ A, £47m2 (33)
,LL+2 n=1] ’

and r,, A, ,, B, . are polynomials in (a,...a,).
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Now if we put
(I+a '+, +a" =1+ Y bt
k=1

then the quantities r, and A, , are given by

_ { - u/4 w odd
. —u/d=b,,+1 i even
along with
“il A}Lng(u+2~n)/2 — Z 2 bng(,u+272nJ/2. (34)
et l<n<p/2¢1 M T2 = 2n

A(iy) If we choose ¢ such that expl[i(u +2)¢] =1 then the function
v(¢ e%a, ... e'*"a,) is also a solution.
With 6 = exp[i(27/u + 2)] the solution in the jth sector is given as

vj(f’ t) ~ g‘j’,_t‘,g'“,(l + i B}L,n,jg_n'Q) exp[( - 1)]+1 1E;L(§9 a)] (35)

as £ » o in the sectors.
(v} The two solutions v, and v,  are linearly independent because v,  is
i+l a2 Hj+1

subdominant in the (j + 1)th sector and v, ,, is dominant. Therefore v, is a linear
combination of v}%} and vj;l:

vlé t) = (v, + G (36)
where ¢;, ¢; are Stokes multipliers. For u = 2
2P ex [l 2 (E — l)] ———(zw)l/z i even
. a SPLa T T T ) It + by Jeve
Glay, az) = 12
- 1, . (b 1 (2m)" .
2 bZCXpI: -Za1+l7r<?+z)j|r—(%'_—b25 J odd
; = {—.iexp(—ﬂ-bz) }:even 37
—1exp(mbh,) j odd

-

1 2
b, = 3a, — iaj.

We have quoted the above result to improve the clarity of our case. To apply the
above result we first single out the second-order equation by eliminating any one of
the components.

By eliminating v, we obtain
Vigg = { — 166" + 8z¢ — 4i — 2" + £7'[Bi(d*¢. — dd}) — dzdpo*]
+ €7 - 2iged* — 4d70M + 4o, + Szg)(@F ~ dizgM) ]+ ..} (38)

where we have not written down the higher terms as they will not be important for
£ > o,

Scaling the variable ¢ v as 2& = ¢', 4v = v’ we arrive at
viee = [67 + 26 = (i = i2) — 4¢7(60F - ¢*¢. — lizgo®) + .. Jvl. (39)

Since this is now a scalar equation we will omit the subscript 1 and call it v. We
attach the index ‘j° to v as v;, will denote the solution in the sector identified by the
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letter j which will be one of those described at the start of § 4. We will now utilise
the results of Sibuya for equations of type (39), for which the identification of solutions
of (39) with those of (6) are essential. If this is done then equation (36), along with
(37), will yield the Stokes parameters. To proceed with the programme outlined above
we first switch from vector to matrix notation for the solutions in (10) and (11). That
is, the matrix solution is constructed as

y vll UIZ
v’ = <Uzl vzz) (40)
where

12

11
v . ~ v . . -
<021> is actually &(1, z, ¢) and (vzz) is equivalent to 0(2, z, ¢)
both in the exact and asymptotic situations. If we affix a subscript j as before then
11
2
o)
will denote the solution in the jth sector. Now in our particular case we have
vl = vl T av() (41)

and from equation (36)

Vopy = €Uy + Ey0g) (42)
or
v 1 v (i
= 1y — = Uy
! FY 7, o
But we have the identification v(s, = v(_y), v, = v(;, and v{3, = ( — id)v). These
equations, when coupled with (41) and (42), yield
a ! ¢ 1
=~—c_ c., =1
ld) 1 1 (43)
Furthermore
v3 = v + bul}, (44a)
But
vy = (1/ig)v!?
2 - (h v = v, (44b)
Via) = Uy
Now
Ui2) = Gl — CrUa). (45)
Comparing (44a) and (45) with the help of (44b) we obtain
b = —igc, &= -1 (46)
Similarly we deduce
¢ = (1/id)c_ d = —ig¢c
. a l} . d) 6 (47)
c, =1 Ce = —1
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where the ¢; are given by equation (37) with
b = _%2 b, = %(1 - %22)-

It is quite important to observe that our explicit determination of the Stokes
parameters respects our earlier derived constraints, a = ¢, b = d. Furthermore, if
these explicit values are used in (31) then it is, in principle, possible to determine
(a, B, v, 8) which was not the case with Flaschka and Newell’s method.

6. Properties of the monodromy data

(a) The matrix functions v; are holomorphic in §; = {§ |¢]> 0 and 3(j — )7 <
arg ¢ < 3mj} such that

v~ 5 = (1 + % + )(;ﬂ e?,,) (48)
6 = 2i¢* — iz¢ as [¢| > ©in S

and
Vi = DA,

(b) A matrix function w of the form

-2k
m9=wm(0 gJ (49)

with w(£) holomorphic, exists such that for ¢ € S, v,(¢) = w(£)A with
(igp™ + k)(igo™ — k)

WA =T ks, + bizo) 0
(¢) The solution matrix v(£) has the symmetry
Mo*(6)M = (¢) M = ((1) é) (51)

(d) A; matrices are independent of z. So differentiating v;., = v;A; with respect
to z and multiplying by v, we obtain

-1 _ -1
Ujr1Ujr1 = szAjUj+1
_ -1 _ -1
= 0, A (UA;)T = v; (52)

so that v,v; ' is well defined in a deleted neighbourhood of ¢ = < and its asymptotic
expansion is that of 5,67, uniform for |£]| > p. Now using (48) and its x derivative

we obtain
ooy ) (3 )]
: 0 1 "\ o 1

(k¢ d’) 53
(i 5

which is nothing but the matrix occurring in the L operator pertaining to NLSE.
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6

3 3]

L

Figure 2. Contours for the integral equations.

Similarly, near £ = 0 we have

ww ™= ww ! = p(f)
with
iP id
- 26 2¢ |(e* 0
p = « ). 54
Tl L (5 o) oY
2¢ 26

Evaluating 0,6 ' we observe that §,67' is equal to the time part of the Lax operator.

Therefore all we need is to demonstrate that the non-linear equation is a result of
isomonodromy deformation of the linear problem.
Writing out the contour integrals over the contours shown in figure 2 we can prove

that (we do not give the details of the computation, as the method of reference [9]
remains almost unaltered)

o* = —lin;2i§vle_e (55)

¢ = lim 2i¢v’ e’

£ x

and finally we obtain

& = ‘ﬂ’ exp(4ig” — 2iz¢) dé = exp( - kiz?) (56)

which satisfies both of the equations (6) and (7).

7. Conclusions

In this paper we have studied in detail the monodromy problem related to the non-linear
Schrodinger equation and Painlevé IV, through similarity variables. Though the general
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problem of deformation of second- and third-order equations has been studied by the
Japanese school, we think that the above analysis helps to clarify any special features
that may arise in any particular non-linear problem.
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